A trivialized admissible G-manifold (X, [g] ) is universal if it has the following property. Any (M, [f1) with the same type of strata as X must be the pullback of X in an essentially unique way. That is to say, there must exist an equivariant stratified map A:M + X such that h pulls back [g] to [f 1; moreover, h must be unique up to a homotopy through such maps. Our main result, Theorem 3.2.1, states that (X, [g] ) is universal if and only if each of its twist invariants is a homotopy equivalence. That such a result might be true was first suggested by work by Bredon [4] on bi-axial actions and by its subsequent generalization to k-axial actions in my thesis [5] . In practice it is straightforward to check if a G-manifold is admissible and trivializable and if the twist invariants are homotopy equivalences. Several examples are given in Sections 4 and 5.
The main application has been to the study of multi-axial actions. These are discussed in Section 4. Here G is O(n), U(n), or Sp(n) and X is the linear G-space consisting of k-tuples of vectors in n-space, with k 5 n. In 4.2 we verify that X is admissible and trivializable. It is proved in [7] that each twist invariant is a homotopy equivalence. Hence, X is universal. A smooth G-manifold with the same types of strata as X is called k-axial. The fact that X is both universal and linear has deep implications in the study of k-axial actions on homotopy spheres (for such actions the bundle of principal orbits is automatically trivial). In particular it enables one to apply the techniques of surgery theory to study such actions, as in [9] and [Ill.
For similar reasons it would be convenient if other admissible linear G-spaces happened to be universal. Unfortunately, this is not generally true. For example, consider the cases of bi-axial actions of S0(3), SU (3) and G2. The linear models are admissible and trivializable; however, the twist invariants fail to be homotopy equivalences. In Section 5 we prove that in these cases the universal examples are certain natural actions on projective planes. Regarding SO(3) as the group of automorphisms of the quaternions, we see that it acts on the quaternionic projective plane. It is verified that this action is bi-axial and trivial and, as an application of our main result, it is shown in Theorem 5.6.4 that it is universal. The automorphism group of the Cayley numbers is denoted by G2. In a similar fashion G2 acts on the Cayley projective plane. The subgroup of G2 which stabilizes the complex numbers is isomorphic to SU (3) . The G2-action restricts to an action of SU(3) on the Cayley projective plane. It is also proved in Section 5 that these actions are bi-axial, trivializable and universal. Applications of these results to bi-axial actions of S0(3), SU(3) and G2 on homotopy spheres will be given in a subsequent paper [a] .
Some of this material appears in less detail in [7] . In particular, the main result of Section 5 is stated, without proof, on page 112 of [7] . Theorem 4.2.5, which states that the linear k-axial action is universal, was proved in 1974 in my thesis, by using some of the same ideas that go into the proof of the main theorem of this paper. The results are better organized here and the proof is clearer.
Preliminaries.
In this section we shall recall some definitions from [6] and [19] and make some minor modifications in them.
Normal orbit types.
Let G be a compact Lie group. A G-orbit type is defined as the conjugacy class of a closed subgroup of G. We shall now consider a finer concept. Consider pairs (H, V) where H is a closed subgroup of G and where V is an orthogonal G-module with no non-zero invariant vector. For i = 1, 2, suppose that (Hi, Vi) is such a pair and that pi:Hi + O(Vi) is the associated representation. Let Iso(V1, V2) denote the set of linear isomorphisms from V1 to V2 and let O(V1, V2) be the subset of isometries. An equivalence from ( H I , V1) to (Hz, V2) is a pair (k, a) E G X Iso(V1, V2) such that and apl(h)a-' = p2(khk-1) for all h E H1.
If, in addition, a E O(V1, V2), then (k, a) is called an orthogonal equivalence. The equivalence class of (H, V), denoted by [H, V] , is called a normal G-orbit type. The set of all such normal G-orbit types is denoted by X G .
Associated to (H, V) there is the twisted product G X V, defined as the orbit space of G X V under the H-action h .(g, v) = ( g h-', hv).
The orbit of ( g , v) is denoted by [g, v] . The twisted product may also be regarded as the G-vector bundle over G/H associated to the representation p :H + O(V). Associated to an equivalence (k, a) :(H1, V1) + (Hz, V2), there is an isomorphism of G-vector bundles O(k,a, :G X H , V1 + G XH,V2 defined by [g, v] + [gk-I, av]. Conversely, it is easy to see that any isomorphism must be of this form. Thus, X G may also be described as the set of isomorphisms classes of G-vector bundles of the form G XH V.
Polar decomposition.
We recall some elementary notions from linear algebra. The two sides of this equation are the right and left polar decompositions of the map b = p 2 ( k h k -' )~, E GL(V2). Hence, applying (1.2.1) and (1.2.2) to b we have for all h E H I . In particular, the first of these equations means that (k, 0 , ) is an orthogonal equivalence from ( H I , V1 ) to (Hz, Vz). Therefore, we have proved the following lemma.
1.2.6 LEMMA. TO any equivalence (k, a ) : ( H I , Vl ) + (Hz, v 2 ) there is canonically associated the orthogonal equivalence (k, 0,).
1.3
The group of orthogonal self-equivalences. A self-equivalence of (H, V) corresponds to the identity map on G XH V if and only if it has the form (h, p(h)) E H X p(H) c G X GL(V). Denote by SlHfV1 the group of orthogonal self-equivalences of (H, V) modulo those which act as the identity on G XH V, i.e., where H is embedded diagonally in G X O(V) via h + (h, p(h)). We next want to prove a lemma, which will be useful in computing SIH, V ) . First we need some notation. Suppose H is embedded as a closed subgroup of a Lie group K. Let Aut(H) be the group of automorphisms of H a n d let Inn(H) be the subgroup of inner automorphisms. Let iK:NK(H) + Aut(H) be the natural map. Clearly, i K -l ( l n n (~) ) = H .CK(H)where CK(H) denotes the centralizer of H in K. Thus, we may write any
in the form x = h,c,, where h, E H and c, E CK(H). Moreover, if h c l = h2c2are two such decompositions, then h h2-I = c2cl-l and h l h2-' belongs to Z(H), the center of H. If K' is another Lie group with H C K' , then let CK(H) XZ(H) CK'(H) denote the quotient of the direct product by the diagonally embedded Z(H). If (u, v) E CK(H) X CKl(H),then let [u, v] denote its image in the quotient. For example the hypothesis of this lemma applies if H is one of the compact classical groups, 0(n), U(n), or Sp(n).
Proof. Suppose (k, a) E G X O(V) normalizes H. Then k E NG(H), a E No(,(H), and iG(k) = io(V)(a). Since every automorphism is inner, we can write k = hkckand a = h,c,.
One checks routinely that $ is a well defined epimorphism with kernel H. The lemma follows.
Stratification of smooth G-manifolds.
Suppose that M is a smooth G-manifold and assume (as we may) that M is equipped with a G-invariant Riemannian metric. If x E M, then the tangent space T,M is an orthogonal G,-module. The slice representation S, is the G,-submodule of T,M orthogonal to the orbit passing through x. Let F, be the fixed subspace of S, and let N, be the orthogonal complement of F, [18] .) In this way it makes sense to discuss smooth functions on orbit spaces, smooth maps of orbit spaces, and functional structures on subsets of orbit spaces. 1.7 Equivariant fiber bundles. Suppose that I and J are Lie groups and that I is a differentiable transformation group of a smooth manifold F. By a smooth (I, J)-bundle we shall mean a smooth fiber bundle E + B with fiber F and structure group I together with an action of J on E by bundle maps. For example, a smooth G-vector bundle is a smooth (GL (n), G)-bundle. An (I, J)-bundle map means a J-equivariant bundle map. An equivalence is an (I, J)-bundle map which covers the identity map on the base space and which is a diffeomorphism on each fiber. If f :A -t B is a smooth J-equivariant map of J-manifolds and E + B is an (I, J)-bundle, then the pullback f *(E) + A is obviously an (I, J)-bundle over A. A principal (I, J)-bundle over a point clearly just amounts to a homomorphism cp:J + I. The (I, J)-bundle E + B is trivial if it pulls back from an (I, J)-bundle over a point, i.e., if it is equivalent to B X F where J acts on B as before and on F via some representation cp:J -t I. For J compact, Bierstone proved in [22] that the Equivariant Covering Homotopy Theorem holds for (I,J)-bundles.
Thus, iff,: B -,B is a smooth J-equivariant homotopy, then fo*(E) and fl*(E) are equivalent (I, J)-bundles. In particular, if A has the J-homotopy type of a point, then any (I, J)-bundle over it is trivial. If E + B is an (I, J)-bundle and P + X is a principal J-bundle, then one can construct the twisted products E X P and B X P. The first twisted product is a fiber bundle over the second with structure group I. Also, both twisted products are bundles over X with structure group J.
As an application of these ideas, suppose that a = [H, V] E X G and that 6 r a. Since S, acts on G XH V by equivariant diffeomorphisms, it acts on Bo(G XH V). If x is a point in the @-stratum of G XH V, then its normal representation N, may be identified with a subspace of V and we may assume that the inner product on N, is induced by restricting the one on V. Since S, acts on G xH V by orthogonal equivalences it acts on NB(G XH V) + Bo(G X V) and hence on P,(G XH V) Bo(G XH V) through bundle maps. Therefore,
is any smooth G-manifold, then there is a canonical isomorphism
This induces for each 6 2 a an isomorphism Thus, Ps(N,(M)) has the structure of a bundle over Bo(N,(M)) and of a bundle over B,(M). By the Invariant Tubular Neighborhood Theorem (see [2] ), such a T exists and is unique up to an equivariant isotopy.
Tubular maps. If a E

Twist invariants.
2.1 Admissibility. Suppose that E -+ B is a smooth (I, J)-bundle. Recall that this means that the structure group is I and that J acts on E by bundle maps. If B has the J-homotopy type of a point with J compact, then E is equivalent to the product (I,J)-bundle F X B where J acts on F via a homomorphism p:J + I.
Let a = [H, V] be a normal G-orbit type and let a be the principal orbit type of G on G X V. Then P,(G X V) B,(G X V) is an (ST, S,)-bundle. We shall say that a is admissible if B,(G XH V) has the S,-homotopy type of a point and if the associated homomorphism Let T denote the fixed point set of S, on Q. Since Q has the S,-homotopy type of a point, T is contractible (in particular, it is non-empty and connected). Let U be the restriction R to T. Fix an (S,, S,)-bundle isomorphism r :R + S, X Q. Note that 11 restricts to an isomorphism
In ( If P --+ P' is any S,-bundle map, then the induced map Q XSa P -r Q X, P' takes T Xsa P to T Xsu P'. Similarly, R Xsa P + R XSa P' takes U XSu P to U Xsa P'. 
-+ Now suppose that we know that each twist invariant is a homotopy equivalence and that we are trying to construct the morphism
Roughly speaking, the idea is to define X on a tubular neighborhood of each stratum to be the map induced by Then it suffices to prove that we can extend X to a morphism mapping boundary to boundary.
Proof of sufficiency. Suppose that each g,: B,(X) + S,/S, is a homotopy equivalence and that ( M , [ f ] ) is a trivialized admissible G-manifold with X G ( M ) C X G ( X ) .We shall construct
Let (2% be an invariant collared neighborhood of aM in M. The isomorphism CM z M X [0, 11 induces a bundle isomorphism P , , ( c~) z p,(aM) X [0, 11 for each y E XG(M). Denote by af and by af;, the restrictions off :P,(M) -, S, and f,:p,(M) -, S, to p,(aM) and to p,(aM), respectively. We may change f by a ST-homotopy so that f / P , ( c~) is constant in the t-direction, i.e., so that f (z, t) = af (z) for all (z, t) E p,(aM) X [0, 11. When defining f;, if we choose the tubular map and the section to be compatible with the collared neighborhood structure, then we will have that fa/ P , ( c~) is also constant in the t-direction. Finally, we can alter h by a homotopy through morphisms so that it maps T,(aM), the tubular neighborhood of a% in a@, into T,(aX) and so that the restriction of h to T,(aM) is induced by ~, ( h j aM).
Since h is a morphism, P,, (h / aM):P, (aM) -, P,(X) is S, -homotopicto ?, 0 af;, . Let h :p,(aM) X [0, 11 -,P,(X) be such a homotopy.
Let @ be the closure of @ -cM. Define k :P,(M) -, P,(Z) to be h It remains to check that h ' is a morphism, that is, we must show that in the following diagram the map f is ST-homotopic to g 0 P,(hl). By the induction hypothesis, the restrictions of these maps to P,(R J (~) ) are ST-homotopic. Also, we have arranged that they are equal on p,(aRJ(M)) = p,(aM). Therefore, we are reduced to proving that in the following diagram the map f is ST-homotopic to g P,(,&) re1 P,(T,(~@)). In Section the map g, 0 P,(h) is So-homotopic to the identity. It remains to show that P,(h) is also a left inverse for g,.
As before, let X denote the complement of an invariant regular neighborhood of the strata in X of index less than a and let T,(X) be a closed tubular neighborhood of 3,. Since f, is a homotopy equivalence, the proof of sufficiency shows that there is a morphism 6 : (T,(X), [g])+ (M, [f 1). As before, by 2.4.1, P,(6) is S,-homotopic to g,. Since the inclusion T,(X) c X and the composition h 6: To(X) X are both 0 -+ morphisms, we conclude that they are homotopic. Therefore, P,(h) is also a left S,-homotopy inverse for 2, . This completes the proof. ti 4. Multi-axial actions. In this section A will denote an associative division algebra over R . Of course, A is isomorphic to either the real, complex, or quaternionic numbers. If V is a A-module with hermitian inner product, then denote by G"(v) the group of A-module automorphisms of V which leave the hermitian inner product invariant. Set GA(n) = G"(A"). Of course, as A = R , C or H , GA(n) is either O(n), U(n) or Sp(n).
Consider the real vector space, MA(n, k ) = A"). We H O~" ( A~, may identify ~" ( n , k) with the space of n by k matrices with coefficients in A. If x E MA(n, k), then define x* E MA(k, n) by the condition that (XV, W ) = (v, X*W) for all (v, w) E nk X A", i.e., x* is the conjugate transpose of x. The k by k matrix x*x is A-hermitian and positive semi-definite. Define a real inner product on MA(n, k) by x . y = l/2 trace (x*y + y*x).
We shall consider the natural linear GA(n)-action on MA(n, k) defined by matrix multiplication. If g E GA(n) and x E MA(n, k), then (gx)*(gx) = x*g*gx = x*x; whence, I gx I = I x I. k) is an Thus, ~~( n , orthogonal GA(n)-module. It is isomorphic to the direct sum of k-copies of the GA(n)-module A".
A smooth GA(n)-manifold is said to be k-axial if it is stably modeled on MA(n, k), i.e., if its normal orbit types occur among those of ~" ( n , k).
The universality of the linear models. To simplify notation we
shall now set G = GA(n) and X = MA(n, k). From now on, we shall assume that n r k. Under this assumption, we propose to show that X is 1)a trivializable admissible G-manifold and 2) universal. -+ Henceforth, we shall index the strata of a k-axial G-manifold by (0, 1, 2, . . . , k ) . However, in order to be consistent with our previous notation, we shall sometimes use the letter "T" (rather than "k") to denote the principal orbit type. Next we compute the orbit space of X as in 1.6. Let ~~( k ) be the real vector space of k by k A-hermitian matrices and let ~~( k ) c ~~( k ) be the positive semi-definite cone. Consider the polynomial mapping p : X -+ ~" ( k )
defined by x -+ x*x. Since p(gx) = x*g-Igx = p(x), the mapping is G-invariant. The image of p is BA(k). Choose a linear system of coordinates on ~~( k ) and let pi denote the jth component of p. According to [20] , the {qi} generate R[x]'.
It follows from the remarks in 1.6, that the induced map p : B ( X ) + BA(k) is a smooth isomorphism. Let BiA(k) denote the positive semi-definite matrices of rank i. Since rk(p(x)) = rk(x), we see that p maps the i-stratum of X onto BiA(k), i.e., B,(X) = BiA(k). Henceforth, we shall identify B(X) with BA(k).
Next we compute the group S; associated to the pair (H, V) = (GA(n-i), ~" ( n -i, k -i)). The group L = ~" ( k -i) also acts on V by a . x = xu-'. The L-action is orthogonal and clearly commutes with the H-action. In fact, L = Co(vj(H). Since every automorphism of H is inner, we have by Lemma 1.3.1 that
Clearly, CG(H) = GA(i)X Z(H). Hence
Suppose (u, v) E GA(i) X GA(k -i) and that (g, x) E G X V. The action of Sion G X V is given by 
Si-action on B,(G XH V)
is such an equivariant diffeomorphism.) Thus, B,(G XH V) has the Sf-homotopy type of a point.
Finally we must compute the homomorphism p : S i -+ Sk = S, defined in Section 2.1. Let be the matrix which is the (k -i) by (k -i) identity matrix followed by (n -k) rows of zeroes. Let (3 = {[g, el} be the orbit of [I, el in G X H V. Then (3 is a fixed point of Si on B,(G X H V). Consider the principal bundle (over a point), P,((3). Then S, acts freely and transitively on P,((3). The homomorphism p : S i + S, is defined by considering the $;-action on P,((3). A point in P,( (3) is an equivariant diffeomorphism from (3 to the standard principal orbit G/K, where , it is proved that each gi is a homotopy equivalence. Therefore, as an application of our main result, Theorem 3.2.1, we have the following.
4.2.5 THEOREM. I f n 2 k, then MA(n, k) is a universal trivializable admissible GA(n)-manifold.
4.2.6 Remarks. This result was proved in my thesis [5] ; the proof is also sketched in [7] . There are many applications. For example, this result is the starting point for the classification, up to concordance, of k-axial GA(n)-actions on homotopy spheres in [9] , [ l l ] .
Actions of SO(n) and SU(n).
Suppose that A = R or C and set sGA(n) = {g E GA(n)1 det(g) = 1 ) . We now change our notation by setting G = s G A ( n ) and G = GA(n). As before, X = MA(n, k). We shall sometimes write (X, G) and (X, G ) in order to keep track of which group is acting.
We consider the action of G on X. It turns out that there are three distinct situations depending on whether k = n, k = n -1, or k I n -2. If k 5 n -2, then the situation is exactly as before: (X, G ) is admissible, trivializable and universal. (In fact, when k r n -2 every k-axial G-action extends uniquely to a k-axial G-action.) If k = n -1, then (X, G ) is admissible and trivializable but not universal (the twist invariants fail to be homotopy equivalences). If k = n, then the action is no longer admissible.
Let us first dispose of the case k = n.
where Hi = s G A ( n -i) and Vi = MA(n -i, k -i). The natural projection q : B(X, G ) + B(X, G) has fiber over the top stratum equal to 2 points and fiber over the lower strata equal to 1 point. Also, the top stratum of B(X, G ) is mapped by q onto the top two strata of B(X, G 
-2 and that q € SU(2). Define il/:Cc(H)X C o ( v ) ( H ) + S ( U ( k-1) x U ( 2 ) ) by (a, c, q ) + (a, [c, q ] )
where [c, q ] E U ( 1 ) XZ,, S U ( 2 ) r U (2) . The kernel of il/ is clearly (2)).We leave it to the reader to produce an argument similar to the proof of Lemma In the next section we shall find the desired universal manifold for k = 2.
Bi-axial actions on projective planes.
In this section A denotes a (possibly non-associative) real division algebra of dimension d. Thus A is isomorphic to the algebra of real, complex, quaternion, or Cayley numbers. Denote these algebras by R , C, H, and 0, respectively. Every automorphism commutes with the anti-involution. Hence, the inner product is invariant. Also, A" acts trivially on R . Thus, W" is an orthogonal A A-module. The action of A A on W" @ W" is called the linear bi-axial A"-action. A smooth A"-manifold is bi-axial if it is stably modeled on (w" @ w", AA).
The linear models. A real inner product on
The action of A H on WH is equivalent to the standard action of SO (3) (3)) is a trivializable admissible SO(3)-manifold.
Next, consider the action of G 2 on 0.If x is a non-real Cayley number, then it generates a 2-dimensional subalgebra isomorphic to the complex numbers. The isotropy group at x is the stabilizer of this subalgebra. The subgroup of G 2 which fixes C may be identified with SU(3) and the action of SU(3) on C = c3is standard. In particular, this implies that the restriction of the bi-axial G2-action on W0 @ W0 to SU(3) is bi-axial. If x and y are non-commuting Cayley numbers, then they generate a 4-dimensional subalgebra isomorphic to the quaternions. The isotropy group at (x, y) E 0 @ 0 is equal to the stabilizer of the subalgebra generated by x and y. The subgroup of G 2 which fixes H is isomorphic to SU (2) . It follows that the normal G2-orbit type of (x, y) E W0 @ W0 is given by Thus, W0 @ W0 has 3 strata and the principal isotropy type is SU(2).
5.2 Reduction to a trivial principal isotropy group. We digress for a moment to discuss a well-known reduction principle in compact transformation groups (see [14] ). Suppose that M is a smooth G-manifold with principal isotropy group K. If [H, V] E 3tG(M), then, after replacing (H, V) by an equivalent pair (if necessary), we may assume that K C H . Set
Note that the equivalence class of (H', V') is determined by that of (H, V). G ' acts on the fixed point set of K in any G-space. In particular, it acts on ( G / H )~. The GI-orbit containing the identity coset in ( G / H )~ is precisely G'/Hr. The restriction of the vector bundle (G XH v )t o G r / H ' is G ' X H , V'. Let V,' stand for the points in V' with isotropy group equal to K. The intersection of (G X H v )with the principal orbits of G X V is G ' XH r V,'. Hence, G'/H' may be characterized as the union of those components of ( G / H )~ which are contained in the closure of the principal orbits in ( Consider what happens to the structure groups of the normal orbit bundles under the correspondence . $ . Since S,,, vl acts through G-equivariant isomorphisms on G X H V, both the fixed point set of K and the top stratum are SIH, v~-invariant. Hence, their intersection, G ' XH, V', is also invariant. The action of S,H,Vl XH, V' is clearly effective on G ' and through orthogonal equivalences. Hence, $IH, is a subgroup of the full group of such orthogonal equivalences S,Hr,V,l. We say that M has very fine structure if f; is a bijection and if S, = St(,,.
Let e c ( M ) be the category of smooth G-manifolds which are stably modeled on M. The morphisms are G-equivariant stratified maps. The correspondence X + X' clearly defines a functor 5: e G ( M )+ e c t ( M ' ) . Suppose now that M has very fine structure. Then the normal orbit bundles and "attaching data" of X are identical with those of X'. It follows from [6] that 5 induces a bijection on isomorphism classes. (In the language of [6] the category of normal systems associated to e c ( M ) is identical with the category of normal systems associated to e G , ( M r ) . ) If I ) ' : X f -+ Y' is any morphism, then we may alter it by a stratified homotopy so that it is a bundle map on a prescribed tubular neighborhood of each stratum. The new I)' can clearly be lifted (uniquely) to $ : X -+ Y (since the structure groups of the tubular neighborhoods in X ' are identical with those of X). In fact, by using the Covering Homotopy Theorem of [19] ,we see that we could have lifted the original I ) '
. This proves the following result.
PROPOSITION.
If M has very fine structure, then is an equivalence of categories.
Applying these general remarks to the case,
we have, (3)) is a universal bi-axial SO(3)-manifold. tive, it follows from our earlier discussion that A is in the image of I), 1 (A')'. Therefore, the embedding : o2 u1 is surjective and -+ hence, a diffeomorphism. Similarly, for I);,i = 2, 3.
5.4 Orbit spaces of bi-axial actions on projective planes. We now assume that A is associative or that k 5 3. The group A" of automorphisms of A is a subgroup of the full group of automorphisms of the algebra ~" ( k ) . Any automorphism preserves the idempotents and A A clearly preserves the trace. Hence, A" leaves iipk-' invariant. The charts 4; : A~-' + u;"are obviously AA-equivariant. In particular, the action on A P~-' is (k -1)-axial. Thus SO(3) acts bi-axially on H p 2 and G 2 acts bi-axially on 0p2. Restricting the G2-action to SU(3) we get a bi-axial SU(3)-action on 0p2. In view of 5.2.2, discussion of G 2 on 0p2is superfluous, since it reduces to SO(3) on H p 2 .
If A' is a subalgebra of A then let wA>"': TA ( Let Pi + Bi denote the i-normal orbit bundle of S U ( 3 ) on 0 p 2 . Choose a trivialization f :P2 + S 2 and for i = 0, 1, 2 define twist invariants f i : Bi + S 2 / S i as in Section 2. We wish to verify that each fi is a homotopy equivalence. For i = 2, this is automatic since both the domain and range are contractible. For i = 0, 1, both the domain and range have the homotopy type of C p 2 . Hence, it suffices to show that fi induces an isomorphism on cohomology. Sincefi pulls back the bundle S 2 -+ S 2 / S i to the bundle Pi -t Bi we can verify this by calculating characteristic classes. Proof. By the previous result cP2has self-intersection number 1 in H P 2 .
LEMMA. The U(2)-bundle S U ( 3 ) -t S U ( 3 ) / U ( 2 )
Note that ( o P~)~~'~' = cP2= B and that ( o P~)~~(~) = H P 2 .
It follows that Po + Bo is the principal U(2)-bundle associated to the normal bundle of cP2in H P 2 . Therefore, its Euler class is the generator of H 4 ( c P 2 ) . By 5.5.1, the Euler class of S2 -+ S2/Sois also a generator. Since Po is the pullback of this bundle via f o , we conclude that f o :Bo + S2/So is a homotopy equivalence.
If M is any bi-axial SU(3)-manifold, then the orbit bundle M I + B 1 has associated principal U(1)-bundle M~~(~) -M~~(~) -+ B l (M). This bundle may also be identified with PI(M)/SU(2) + B I (M). In our case this yields, Since H P 2 -cP2is homotopy equivalent to S' and since B 1is hon~otopy equivalent to c P 2 , we see that the U(1)-bundle PI/SU(2) -+ B , has first Chern class a generator of H 2 (~, ) .
The first Chern class of the bundle SU(3)/SU(2) -+ SU(3)/U(2) is obviously also a generator of H 2 ( c P 2 ) .We deduce, as before, that f l : B , -+ S2/SIis a homotopy equivalence. Applying our main theorem we get the following result. 5.5.5 THEOREM. The bi-axial SU(3)-actioiz oil the Cayley projective plane is universal.
5.6
The twist invariants of SO(3) on the quaternionic projective plane. In this section B stands for ~~( 3 ) , the orbit space of SO(3) on H p 2 . According to 5.4.3, B is a closed 5-disk, B2 is the open 5-disk, B , is a (non-orientable) 2-plane bundle over R P 2 , and Bo is R P 2 . According to (4.3.1), (4.4.1) and (4.4.2) the structure groups are So= O(2), S, = O(2) and S2 = S0(3), and for i = 0, 1, the homomorphism S, 4 S2 is the standard inclusion. Choose a trivialization f : P 2 -+ S2 and define twist invariants f, :B 2 -+ S2/Si.As before, f 2 is a homotopy equivalence since both spaces are contractible and for i = 0, 1 both the domain and range have the homotopy type of R p 2 . Hence to prove the twist invariants are homotopy equivalences it suffices to show, for i = 0, 1, that f i induces an isomorphism on H'( ; Z/2) and on HZ(; Z-). Here Z -denotes twisted integer coefficients.
5.6.1 LEMMA. The O(2)-bundle SO(3) -+ S 0 ( 3 ) / 0 (2) = R P 2has non-zero first Stiefel-Whitney class and has as twisted Euler class a generator of H2(Rp2;Z -) G Z.
Proof. This bundle is associated to the tangent bundle of R P 2 . Cl 5.6.2 LEMMA. cP2-R p 2 is diffeomorphic to a 2-plane bundle over s2.
Proof. Consider the natural action of O(3) on cP2and proceed as in 5.5.1. In the previous section we showed that Q had associated principal U(2)-bundle SU(3) + SU(3)/U(2) and that this bundle had total Chern class 1 -a + a 2E H * ( c p 2 ) . Let i : B l = cp2-R p 2 + cP2be the inclusion. Since H 3 ( c P 2 , cP2-R P~; Z) = H 1 ( R P 2 ; Z -) 2 Z/2, we see that i*: H 2 ( c P 2 ; Z) + H2(cP2-R P 2 ; Z) is multiplication by 2.
Hence, c l ( g l B1) = X (~I a B I ) is twice generator of H~( B , ; Z). It follows from 6.5.1, that f : B l + S2/SIis a homotopy equivalence. Applying our main theorem, we therefore, get the following result.
